Pose measurement is an important tool for robot calibration. This paper describes the development and implementation of a technique of camera-aided pose measurement, tested on the Planar Double Triangular Parallel Manipulator (PDTPM). A stationary camera is used to take photos of the End Effector (EE) where a certain array of Light Emitting Diodes (LED) is mounted on. Using various image processing techniques, the coordinates of the LEDs are registered in the image in order to derive the projection matrix that maps any point of the image plane to world coordinates in the EE moving plane. This homography is computed with a method where the vanishing line is treated as the principal component. This estimate is more robust and faster than the Direct Linear Transformation (DLT) method. It was shown that poses could be quickly registered at submillimetre precision notwithstanding inexpensive, relatively low resolution optics. The measurement system is easy to setup, portable, accurate, low cost and it is believed to be a valuable tool.
INTRODUCTION
This paper presents a vision-based measurement method with a single camera to perform precise and direct full pose measurements on planar parallel manipulators. Manipulator accuracy is compromised by discrepancy between actual end effector (EE) pose and that obtained via direct kinematics (DK) computation using measured actuated joint coordinates. Due to random errors (e.g. finite resolution of joint encoders) and systematic errors (e.g. manufacturing tolerances, measurement errors of link lengths, joint offsets, gear transmission error) there is always a mismatch and therefore lack of accuracy. Calibration helps by benchmarking any desired number of EE poses and unequivocally relating these to the corresponding measured joint coordinates with, e.g. a kinematic error model described in Zhuang et al. [1] . The measurement method described in this paper is considered to be a valuable tool to simplify the kinematic calibration structure of planar parallel mechanisms. Robot calibration has been studied and applied for decades [2] . Determining the EE's exact and full pose by a redundant measurement device is one major issue in kinematic calibration [1] . In [3] and [4] vision-based pose measurement systems have been studied and evaluated to perform kinematic calibration on serial mechanisms. These applications are based on hand-eye camera calibration a method that needs tedious camera re-calibration at each pose. Another approach is to employ multiple camera setups to achieve full pose measuring capability which in turn rises the costs. Commercial serial robot manufacturers like FANUC [5] , KUKA [6] or ABB [7] already have considered these techniques as a potential tool for calibration and employed it in some industrial applications. As far as vision based calibration of parallel manipulators is concerned research work on this particular topic has been done by Bai et al. [8] where a high cost three-camera system is used and by Renaud et al. [9, 10] where in [10] a H4-robot was calibrated by means of a single camera procedure that also needs to employ a hand-eye calibration method to achieve full pose measurement capability.
However claimed novelty and superiority of the method and set up to be described are based on selection and adaptation of equipment and methodology to a particular but nevertheless broad class of robots [11] , viz., three legged planar parallel manipulators. Though experiments reported herein were carried out on a peculiar, possibly bizarre, representative of this class, Chen [12] gives ample evidence that all members are essentially similar from a computational kinematics standpoint. Furthermore the design and development first described by [13] of the Planar Double Triangular Parallel Manipulator (PDPTM) used in our calibration exercises has been a subject of our research over a number of years as documented by Tilton [14] , Neumayr [15] and Yu [16] . In contrast, research on calibration techniques is often carried out on commercial equipment and design parameters used in DK calculations are taken as supplied by the manufacturer.
The main contributions of this paper are:
1. Demonstrated full pose measurement of planar parallel robots by camera requires no elaborate equipment nor environmental control; 2. Images of an EE mounted planar array of LED markers can be efficiently and accurately converted homographically to yield EE coordinates in a fixed reference frame FF without employing a hand-eye calibration method; 3. It is shown that tests of this pose measurement technique on the PDTPM give reproducable results with pose measurement tolerances lower than one millimeter.
The objective of this research was to investigate aspects involved in robot calibration methods to develop a feasible low cost vision-based measurement system with a single camera. The stationary-camera setup has distinct advantages [3] . It is non-invasive. The cameras are placed outside the robot workspace, and need not be removed after robot calibration. Particularly in this case there is no need to identify the transformation relating the camera frame to the EE-frame (hand-eye calibration, hand-mounted camera calibration). Hence, direct full pose measurement can be easily performed. Especially in the case of planar manipulators which have smaller workspace, the EE is most likely in the field of view of the camera.
DESIGN OF THE PDPTM
Fixed Triangle -Each leg of the fixed triangle is a recirculating ball screw assembly driven by a stepper motor, all mounted on an aluminum channel as shown in Fig. 1 . Each leg assembly may be moved independently of the other two legs of the fixed triangle.
Moving Triangle -The three edges of the movable triangle are made of steel rails designed to mount a ball trolley, like a linear bearing that runs on a rail as shown in Fig. 1 . In operation the three rails are fixed relative to each other.
PRP-Joints -The linear bearing on a rail of the movable triangle is joined to the corresponding ball screw nut of the fixed triangle through a revolute joint formed using a pair of angular contact bearings.
Calibration Object -The calibration object is a matte, black metal plate onto which seven flat-headed LEDs V 1{7 are fixed in a specific array, shown in Fig. 2 . The positions of these LEDs are pre-measured precisely, i.e., the holes were machined on a jig borer. Figure 2 shows the calibration object mounted on the EE which is the moving triangle.
THEORETICAL FRAMEWORK 3.1. Determination of Homography
The accuracy of camera calibration is a major issue in vision. Hence, computing an exact homography is one of the key factors to minimize resulting pose measurement errors. In this paper a method [17] that differs considerably from the classical DLT [19] for computing the homography is presented. A projective transformation between two planes is given by
where a point p is mapped from plane P (image) to plane P (workspace of the PDTPM) and is defined there as P r . Consider that in Eq. (2) points are expressed in terms of the homogeneous coordinates of the projective plane p 0 .
x' y' w' Expanding Eq. (2) for a given point datum, and normalizing with respect to the homogeneous component yields
Setting w5w'51 and rearranging the two equations above leads to 
where r is the vector of algebraic residuals and
. . 
as well as
Rearrangement of the equations leads to a block partitioned sparse matrix, Eq. (7). Through an orthogonalization procedure that is described in detail in [17] we rewrite this system:
Equation (11) is now equivalent to a general system to minimize of the form EAx-bE 2 2 ? x5A z b, where A z denotes the Moore-Penrose pseudo-inverse. Consequently we may express
eliminate g 1 and g 2 by substituting in Eq. (11) and derive
and minimize E Dg 3 E 2 2 subject to g T 3 g 3 51.
We have reduced the linear system to a function of only h 7 , h 8 and h 9 with backsubstitution relations for h 1 through h 6 . The term (I-PP z ) in Eq. (13) is the projection onto the orthogonal complement of P. We take the minimizing solution subject to g 3 corresponding to the smallest singular value. This implicitly imposes the constraint [17] than the common DLT .
Nonlinear approximation of homography
This approximation [18] optimizes the entries of the collineation matrix H so that geometric distances among corresponding points in both planes are minimized in a least squares sense. A function f that defines the relationship between these corresponding points, using the parameters of the homography, is formulated. This function is derived from the shape of the calibration spots. Given x 0 , y 0 and r, which are the center coordinates and the radius of a circular light spot, the geometric distance of a datum or contour point to the circle is defined as
where x a,i and y a,i are the inhomogeneous metric-coordinates of a data point. Having the pixelcoordinates of the contour points x pc 5 x pc Â y pc 1 T , the corresponding metric-representation of a point is given by 
Substituting these two equations into Eq. (17), yields the cost function. This function is in general not zero since the data points do not usually define any perfect circle.
The Gauss-Newton method is applied to minimize the sum of the squares of the residuals P e 2 pc . The normalization of the matrix H by setting h 9 51 implies that there are only eight nonzero partial derivatives. The coefficient vector increment is
where {J z f x pc ,h 0 ð Þ is the Jacobian pseudo-inverse. The increment Dh is determined using the initial guess h 0 that is derived by the method in Section 3.1.
VISION-BASED POSE MEASUREMENT AND KINEMATIC CALIBRATION
This section describes the interaction between vision-based metrology and kinematic calibration and enumerates the steps to perform full pose measurement.
Calibration Pose
The calibration pose has two key attributes: It is the reference pose for camera calibration and it provides the basis for full-pose measurement (position and orientation) with respect to the fixed frame. Therefore this pose has to be pre-measured precisely by a redundant measurement system as this data is used to compute the projection matrix and furthermore the pose of the EE.
Camera Calibration
The problem of determining the exact pose of the EE with the help of a digital camera is solved by finding the projection matrix H that maps any point of the EE-plane to the camera image. Once this projection matrix is available we are able to assign physical coordinates to any image pixel. Various camera calibration techniques are explained in [3, 4, 19] , however, using LED markers for calibration of planar parallel mechanisms has, to the best of the authors' knowledge, never been done. By taking a snapshot (1024x768 pixel) of the EE at a precisely premeasured calibration pose, the LEDs can be identified as small illuminated ellipses, Fig. 3 . In order to derive the ellipses mid-points we apply the Matlab contour algorithm to extract the desired contours and use the fitting algorithm discussed before to compute H. Depending on the lighting conditions it is possible that some LEDs cannot be found, however only four points are needed for a successful calibration. The extracted midpoints are then sorted.
Pose Measurement
A planar point, given by its homogeneous coordinates x : y : w ð Þin EE, can be mapped into FF (fixed frame) with the following homogeneous linear transformation X Y W ð Þ is the translation part and w[ 0,2p ð Þ is the rotation angle describing the orientation of EE relative to FF. The coordinate frames and displacement parameters are shown in Fig. 4 , where the EE is performing a polar rotation.
As the displacement parameters of the calibration pose as well as the relative position of the calibration target on the EE are known we are able to perform full-pose measurement with respect to the FF after successful camera calibration.
For a new position a n ,b n ,w n ð Þat least two points must be registered. The other LEDs can be used statistically to further improve calibration accuracy. 
Kinematic Calibration and Vision
One method that deals with kinematic calibration of parallel mechanism is described in [1] . It is based on the inverse kinematic model that computes the joint variables q as a function of the end effector pose T5(R,t), represented by a rotation-matrix and a translation-vector, and the kinematic parameter vector k. Hence, a pose error can be formulated as follows
whereis the measured joint value vector, e.g. transducer readings of the electric motors, and q are the joint variables derived from the pose measurement by a redundant, e.g. vision-based, measurement system. The parameter vector k can finally be estimated by minimizing the following cost function
where i denotes the number of measurements. As the measurement system described in this paper enables full pose measuring capability Zhuang's et al. [1] calibration method is a suitable approach to overcome the kinematic problem. Another method to perform kinematic calibration is described in [20] where the implicit kinematic model is used. This model relates the joint values, the end effector pose and the kinematic parameters in one equation.
Hence, the implicit kinematic model can be formally stated as the the following nonlinear minimization problem
To solve Eq. (26) the exact measured pose of the EE is required. It can be provided by, e.g. this vision based measurement system.
TEST RESULTS
The PDTPM is run by stepper motors with a resolution of 200 steps per revolution. As the ball screws that they drive have a pitch of 5 mm, one step, that corresponds to 25 mm, is very small.
Camera Calibration Accuracy
In order to test the reproducibility of camera calibration, the EE is moved several times to the calibration pose a c ,b c ,w c ð Þthat is pre-measured precisely before with a tolerance of +0:1 mm. The accuracy of the calibration is tested by multiplying the inverse of the computed projection matrix H with the detected pixel coordinates of the LEDs. This should give the positions of the LEDs in fixed frame coordinates again. 
Pose Measurement Accuracy
In order to evaluate the accuracy of this vision-based system the calibration object was demounted from the EE and then moved to precisely pre-measured positions within a tolerance of +0:1 mm by using gauge blocks. Table 2 shows the the results of these measurements where the calibration object was, e.g. moved 10 mm in negative x-direction to a e ,b e ,w e ð Þ~0,690,0 ð Þ. The accuracy is comparable with the camera calibration measurements. The measurement error is on average around 0.2 mm.
Pose Measurement on the PDTPM
After successful calibration the joints P 2 and P 3 are moved 45 mm, as shown in Fig. 5 . Then another photo (10246768 pixel) of the calibration object is taken at the new pose. In this case it is expected that the EE-pose might significantly differ from the DK calculation due to kinematic error resulting from e. This measurement is repeated several times to investigate the reproducibility. Table 3 illustrates the following result, where the mean, maximum and standard deviation of Ep m {p p E against the number of measurements are listed where p m~am ,b m ,w m ð Þare the measured poses and p p is the predicted EE pose. One can see a slight offset in parameter a'.
Kinematic Calibration
As this measurement setup gives direct full pose data of the end effector one can easily apply the methods discussed in Section 4.4 to perform kinematic calibration. In the case of the PDTPM the inverse kinematic problem is rather simple and involves the intersection of three line pairs between corresponding legs of the fixed and moving triangles. The kinematic parameters for the inverse kinematic model are described and identified in detail in [14] .
Sources of Measurement Inaccuracy
The most probable sources of measurement error are listed below.
1. Input Parameters: The calibration positions of the LEDs given in real-world coordinates have to be measured very accurately. Measurement errors of , e.g. 0.5 mm, have a significant effect on the computed projection matrix H and consequently the resulting pose measurement. 2. Kinematic errors: Due to, e.g. manufacturing tolerances, measurement errors of leg lengths, joint offsets, direct kinematics gives inaccurate predicted results. Kinematic calibration methods using this measurement setup to overcome this problem are discussed in Section 4.4. 3. Resolution: Pixel resolution usually dominates the effects of deterministic errors due to imperfect calibration of the camera perspective transformation matrix H. 4. Stepper motors: The motors, due to inertia, might lose steps if too much acceleration is induced. 5. Vibration: Camera shake leads to images with more noise and therefore inaccurate camera calibration. N If two stationary cameras are used no calibration object is needed.
Outlook
Reduced motion robots, as witnessed implicitly by their very existence, carry out manipulation tasks, requiring fewer than 6 dof, more economically, efficiently and accurately than can general 6 dof robots. Similarly, it is claimed, a calibration set up and procedure specifically suited to, say, planar manipulators will yield the same advantages. This is particularly important because calibration, though often necessary, is inherently expensive and time consuming. Moreover simplification of procedure and set up will, in the same way, inevitably improve accuracy of the calibration itself. Although restricted to a specific robot architecture, this article documents a case in point.
